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Abstract 

A reverse rocking response is investigated for a steel frame that has flexible base. The 

mechanism of response reduction is first investigated using a simple flexible base model 

consisting of truss elements. It is demonstrated that the roof displacement is reduced by 

the dominant second mode, in which the base rotates in the opposite direction to the 

upper frame. Seismic responses of the frame can be further reduced by installing 

viscous dampers at the support. A topology optimization approach is next presented for 

design of flexible base structure consisting of frame elements. It is shown that the 

cross-sectional properties and nodal locations are successfully optimized using a 

nonlinear programming approach to generate a flexible base. 

 

Keywords: Reverse rocking, Seismic response, Building frame, Flexible structure, 
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１．Introduction 

The approaches to reduction of seismic responses of building frames are classified 

into (a) seismic design: stiff design of the structural members so as to resist the seismic 

load within the allowable small deformation, (b) base isolation: reduction of the seismic 

input energy by increasing the natural period, and (c) passive vibration control: 
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dissipation of seismic energy utilizing plastic deformation, viscosity, and/or inertia. In 

this paper, we present a new approach that is not categorized into any of the above three 

approaches. 

The basic principle of seismic design of a building frame does not allow uplift of the 

column-base, because it may lead to a damage to the foundation as well as an 

unexpectedly large deformation of the frame during a severe earthquake. However, it is 

possible to utilize a rocking system, allowing uplift of the column base, to reduce 

deformation of the upper frame through energy dissipation at the column base as well as 

the increase of potential energy of the upper frame due to overturning moment [1-7]. A 

rocking system also reduces the input energy by increasing the natural period of the 

frame during uplift. Seismic responses can also be reduced utilizing a soft first story [8, 

9], partial uplift of each column base [10], and base isolation with rocking device [11]. 

On the other hand, a flexible structure such as a compliant mechanism [12-14], which 

utilizes flexibility of structural elements, can also be used for devices for seismic 

response reduction such as base isolation [15, 16] and tuned mass damper [17, 18]. A 

flexible structure enables large deformation and stores elastic strain energy through 

deformation. 

Optimization of frames and trusses under seismic excitation has been extensively 

studied since 1970s. In the early stage, the responses were evaluated using a response 

spectrum approach [19, 20]. If a single mode dominates in the seismic response, then 

reduction of seismic response is closely related to mode control. In the field of 

mechanical engineering, several optimization approaches have been developed for 

specifying the mode shape [21, 22]. 

Recently, large deformation under long-period ground motion has become a critical 

issue for design of building frames. It is not always safe to utilize a base-isolation 

system, because it increases the first natural period and the structure may have large 

deformation under long-period motion. Therefore, a new seismic design approach that 

does not rely on increase of natural period is desired to be investigated.  

Reduction of roof displacement and acceleration is important to mitigate damage of 

nonstructutal components and to improve serviceability in upper stories of a building 

frame during earthquake. Todorovska [23] proposed a rocking system with inclined 

rubber bearing. Zhang [24, 25] investigated a simple base model with inclined columns. 
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However, in these papers, the parameters such as the nodal locations and cross-sectional 

properties are not optimized, and the relation between stiffnesses of the upper and base 

structures are not discussed in detail. Rocking mechanisms can also be used for bridge 

piers [26, 27]. 

In this paper, we first investigate a reverse rocking response of a steel frame that has 

a flexible base. The mechanism of response reduction is investigated using a simple 

flexible base model consisting of truss elements. We next propose a new flexible 

structure that can reduce the roof displacement of a building frame utilizing rocking 

response. Topology optimization is carried out for a base model consisting of frame 

elements. It is shown that the cross-sectional properties and nodal locations are 

successfully optimized to generate a flexible base using a nonlinear programming 

approach. 

 

2.  Overview of flexible base for reverse rocking of building frame 

We first demonstrate the effectiveness of reverse rocking response for reduction of 

roof displacement using a simple flexible base model as shown in Fig. 1, which is to be 

attached below the ground level of a plane frame. This structure can also be regarded as 

a soft first story. However, for the consistency of notation throughout the paper, we call 

this flexible base, and the beam between nodes 5 and 6 at the ground level is called base 

beam. 

 

Fig. 1. A simple flexible base model. 

 

Figure 2 illustrates the deformation of the base and upper frame subjected to 

horizontal loads, where the frame is simply represented by a column. Owing to the 

flexibility of the base, the frame with flexible base has a reverse rocking response as 

shown in Fig. 2(a); i.e., the base beam rotates in the opposite direction to the drift of 

frame to reduce the displacement of the roof. By contrast, if the frame has a stiff base, 

the base beam rotates slightly in the same direction as the frame as shown in Fig. 2(b). 

1

5

42

6
Base beam

3



4 

 

This way, the roof displacement against horizontal loads can be reduced utilizing a 

flexible base. 

           

(a)                                (b) 

Fig. 2. Deformation of a frame model subjected to horizontal loads: 

(a) flexible base, (b) stiff base. 

 

In the following, each member is indicated by the two nodes at its two ends; e.g., the 

member connecting nodes 1 and 2 is denoted by ‘member 1-2’. The flexible base in Fig. 

1 consists of six truss members and one stiff base beam (member 5-6). The truss 

members 1-5, 2-5, 3-6, and 4-6 are stiff enough, and horizontal truss members 1-2 and 

3-4, which are called thin members, have small stiffness to realize a flexible base. Note 

that a thin member can actually be manufactured as a spring. The horizontal vibration of 

the upper frame leads to horizontal displacement of the roller supports 2 and 3; hence, 

the shape of dominant mode against horizontal excitation becomes different from that of 

the conventional model with a stiff base.  

 

3. Design response spectrum and method of seismic response evaluation 

The design acceleration response spectrum is specified according to the Notification 

1461 of Ministry of Land, Infrastructure, Transport, and Tourism (MLIT), Japan, 

corresponding to the performance level of operational limit for the Design Based on 

Calculation of Response and Limit State, which is similar to the capacity spectrum 

approach. The amplification factor for the ground of second rank in Notification 1457 of 

MLIT is used. The response acceleration spectra for the damping factor 0.02h  , 0.05, 

and 0.10 are plotted in Fig. 3. 
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Fig. 3. Design acceleration response spectra for damping factors 0.02, 0.05, and 0.10. 

 

In the following examples of a frame supported by the truss model in Secs. 4.2 and 

4.3 and optimization process of the frame model in Sec. 5, the mean-maximum 

displacements against seismic excitations are evaluated using the 

square-root-of-sum-of-squares (SRSS) method. The pseudo-displacement response 

spectrum D D( , )i i iS S T h  corresponding to the period iT  and damping factor ih  of 

the ith mode is defined from the acceleration response spectrum A( , )i iS T h as 

 2

D A ( , ) /i i i iS S T h  , where i  is the ith natural circular frequency. The 

mean-maximum response ju  of the jth displacement component is evaluated by 

 2

D
1

s
i

j i j i
i

u S 


      (1) 

where i  is the ith participation factor, i
j  is the jth component of the ith mode, and 

the lowest s  modes are incorporated for response evaluation. Note that geometrical 

nonlinearity is not considered, because rotations of the base and upper frame are 

sufficiently small. 

Ten ground motions compatible to the design acceleration response spectrum are 

generated for investigation of time-history responses. The duration of each motion is 20 

sec., and the time increment is 0.01 sec. A standard approach of superposition of 

sinusoidal waves is used [28,29]. The phase of each discretized frequency component is 

defined using the phase spectrum of the El Centro EW ground motion, because it is 

important to use the sequence of phases of a recorded ground motion rather than 
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generating it randomly [30]. Suppose the seismic ground motion is generated using K 

sinusoidal waves. The phase i  the ith frequency component is equal to i J   of the El 

Centro wave, where i J i j K     if i J K  , and J is given randomly to generate 

ten different motions. 

 

 

Fig. 4.  Response spectra of ten artificial seismic ground motions compatible to 

design acceleration response spectrum with h = 0.05. 

 

   

(a)                               (b) 

Fig. 5.  Two examples of ground accelerations among ten artificial seismic ground 

motions. 

 

Figure 4 shows response spectra of ten artificial seismic ground motions compatible 

to design acceleration response spectrum with h = 0.05. As seen from the figure, all ten 

seismic motions have good compatibility with the design response spectrum. Time 

histories of acceleration of two seismic motions are plotted in Fig. 5. 

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  0.5  1  1.5  2
Natural period (s)

R
es

po
ns

e 
ac

ce
le

ra
tio

n 
(m

/s
 )2

Time (s)

A
cc

el
er

at
io

n 
(m

/s
 )2

−1.5

−1.0

−0.5

 0

 0.5

 1.0

 1.5

 0  5  10  15  20
−1.5

−1.0

−0.5

 0

 0.5

 1.0

 1.5

 0  5  10  15  20
Time (s)

A
cc

el
er

at
io

n 
(m

/s
 )2



7 

 

4 Simple frame model with flexible base 

4.1 Frame model 

Seismic responses are evaluated for the four-story plane frame as shown in Fig. 6 to 

investigate the effectiveness of utilizing flexibility of base for reduction of roof 

displacement. The span L is 10 m and the height H of each story is 3.5 m. 

 

Fig. 6.  A four-story plane frame with simple flexible base. 

 

Throughout the paper, the material of frame and truss members is steel with Young’s 

modulus 2.00×105 N/mm2. The base beam between nodes 5 and 6 is assumed to be 

sufficiently stiff; i.e., large values 0.05 m2 and 0.001 m4 are assigned for the 

cross-sectional area A and second moment of area I, respectively. Cross-sectional areas 

and second moment of areas of other beams and columns are listed in Table 1. The mass 

of 5000 kg is attached at each node of the frame except nodes 5 and 6 that have 25000 

kg to represent large mass at the ground level. 

 

Table 1.  Cross-sectional areas and second moment of areas of beams and columns 

of the upper frame. 

 Cross-sectional 
area A (m2) 

Second moment 
of area I (m4) 

Beam 0.01332 0.000758 
Column 0.02006 0.000358 
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The height D and width W of the base are 3.0 m and 6.0 m, respectively. The 

cross-sectional areas are 0.02 m2 for stiff truss members 1-5, 2-5, 3-6, and 4-6. The 

cross-sectional area AT of the thin members 1-2 and 3-4 is chosen as the parameter. The 

stiff-model is defined by AT = 0.02 m2. Note that the responses are almost the same 

when AT is greater than 0.02 m2. 

 

 

Fig.7.  Relation between cross-sectional area AT of thin members and roof 

displacement. 

 

4.2 Modal response of flexible frame model 

Seismic responses are evaluated using the SRSS method, where the lowest three 

modes are used with 0.02ih   for all modes for simplicity, because the contribution of 

the third mode is very small. The open-source frame analysis software OpenSees [31] is 

used for eigenvalue analysis.  

The roof displacement is plotted in Fig. 7 with respect to the cross-sectional area AT 

of the thin members. The roof displacement has the smallest value 0.01425 m at AT = 

0.4550 ×104 m2, which is called flexible-model. By contrast, the roof displacement of 

stiff-model with AT = 0.02 m2 is 0.02553 m. The modal characteristics of the flexible 

and stiff models are listed in Tables 2(a) and (b), respectively. 
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Table 2.  Modal characteristics of flexible and stiff models. 

(a) Flexible-model 
 

(b) Stiff-model 

Mode Period Ti (s) Participation factor i Effective mass ratio (%) 
1st 0.5149 186.3 38.56 
2nd 0.1578 67.65 5.085 
3rd 0.08464 40.73 1.843 

 

     

(a) 1st mode              (b) 2nd mode               (c) 3rd mode 

Fig. 8.  Three lowest modes of flexible-model. 

 

As seen in Table 2, the effective mass ratios and participation factors of the 1st and 

3rd modes decrease and those of the 2nd mode increase as a result of reducing the 

stiffness of the horizontal members 1-2 and 3-4. Fig. 8 shows the three lowest modes of 

the flexible-model. As seen from Fig. 8(b), the dominant 2nd mode has a rocking 

vibration of the base in the opposite direction to the drift of upper frame. Note that a 

higher mode with large displacements of nodes 5 and 6 has a large participation factor 

and effective mass ratio. However, the response corresponding to such mode is 

negligibly small, because its natural period is small, and accordingly, the 

pseudo-displacement response spectrum has a small value. 

 

Mode Period Ti (s) Participation factor i Effective mass ratio (%) 

1st 0.8525 22.01 0.5383 
2nd 0.4166 233.4 60.53 
3rd 0.1528 28.16 0.8811 
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4.3 Time-history analysis 

The frame analysis software OpenSees is also used for time-history response analysis. 

The damping matrix is defined by the Rayleigh damping with 0.02ih   for the 1st and 

2nd modes. 

Table 3 shows the mean-maximum responses of the stiff and flexible models under 

ten artificial seismic ground motions described in Sec. 3, which are compatible to the 

acceleration response spectrum in Fig. 3 with h = 0.05. The responses  and a are the 

horizontal displacement and acceleration of the roof node 13, drift angle  is the relative 

horizontal displacement between nodes 5 and 13 divided by the height 14 m of the 

frame, rocking angle  is the relative vertical displacement between nodes 5 and 6 

divided by the span 10 m, N is the axial force of the column member 6-8 of the 1st story, 

and b is the horizontal displacement of roller support 2. Note that  and have positive 

values when they correspond to clockwise rotation. 

As seen from the table, the maximum roof displacement of the flexible-model is 

66.43% of the stiff-model. The rocking angle is more than 47 times as large as that of 

the stiff-model. The roof acceleration and the axial force of column in the 1st story are 

also reduced. The support displacement, which corresponds to the extension of the 

flexible members 1-2 and 3-4, is enhanced due to flexibility. Note that the strains of 

thick members 1-5, 2-5, 3-6, and 4-6 are less than 0.0001 for all seismic motions. The 

flexible-model-2 in the 3rd row of Table 3 is defined later. 

 

Table 3.  Mean values of maximum responses obtained by time-history analysis of 

frames subjected to ten spectrum-compatible ground motions; Flex/Stiff and Flex2/Stiff, 

respectively, denote the ratios of responses of flex-model and flex-model-2 to those of 

stiff-base. 

 

Roof 
disp.  
(cm) 

Roof 
acc. a 
(m/s2) 

Drift angle 
 (rad) 

Rocking 
angle  
(rad) 

Axial 
force N 

(kN) 

Support 
disp. b 
(cm) 

Stiff 2.711 4.414 1.934×10-3 3.514×10-5 93.17 0.006146
Flex 

(Flex/Stiff) 
1.801 

(0.6643) 
3.615 

(0.8190)
9.935×10-4

(0.5137) 
1.664×10-3

(47.35) 
70.10 

(0.7523) 
0.01542 
(2.509) 

Flex2 
(Flex2/Stiff) 

1.048 
(0.3865) 

2.172 
(0.4923)

6.469×10-4

(0.3345) 
7.469×10-4

(21.26) 
42.11 

(0.4520) 
0.006562
(1.068) 
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The trajectory of rocking angle  and the net drift angle  is plotted in Figs. 9(a) 

and (b), respectively, for flexible and stiff models subjected to the seismic ground 

motion in Fig. 5(b). It is seen from Fig. 9(a) that the base and frame of the 

flexible-model rotate in the opposite directions and the response is reduced owing to the 

reverse rocking deformation. This plot also ensures that the 2nd mode in Fig. 8(b) 

dominates throughout the period of vibration. By contrast, Fig. 9(b) confirms that  and 

of the stiff model have the same sign throughout the period of vibration. Note that the 

scales of axes, especially horizontal axis, are different in Figs. 9(a) and (b), because the 

rocking angle of stiff-model is very small. 

 

    

(a)                               (b) 

Fig. 9.  Trajectories of rocking angle and net drift angle of the frames subjected to the 

seismic motion in Fig. 5(b); (a) flexible-model, (b) stiff-model. 

 

     

(a)                               (b) 

Fig. 10.  Maximum modal components of roof displacement with respect to the period 

of sinusoidal input of unit acceleration amplitude; solid line: 1st mode,  

dashed line: 2nd mode, (a) flexible-model, (b) stiff-model. 
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Figures 10(a) and (b) show the maximum modal components of roof displacement 

with respect to the period of sinusoidal input of unit acceleration amplitude (1.0 m/s2) 

for flexible and stiff models, respectively. It can be confirmed from these figures that 

the 2nd mode dominates over the 1st mode in the flexible-model, while the 1st mode 

dominates in the stiff-model. Note that the 2nd mode of stiff-model in Fig. 10(b) is 

almost invisible. 

The responses are further reduced by attaching viscous dampers along members 1-2 

and 3-4. A parametric study is carried out for the damping coefficient C of the damper 

to find that the response has the smallest value for C = 500 kNs/m among the list {100, 

200, …, 1000} (kNs/m). This model with damper is called flexible-model-2, for which 

the responses are listed in the 3rd row of Table 3. The roof displacement becomes 

38.65% of the stiff-model by attaching the damper. The rocking angle is more than 21 

times as large as that of the stiff-model, although it is about half of flexible-model 

without damper. The dampers reduce the horizontal displacement of node 2 to a small 

value that is almost the same as that of stiff-model. 

Figures 11(a)-(c) show the time histories of roof displacement, drift angle, and 

rocking angle against the seismic ground motion in Fig. 5(b), where solid and dotted 

lines are the responses of flexible-model-2 with damper and stiff-model, respectively. 

As seen from Fig. 11(a), the roof displacement around 4 sec., when the stiff-model has 

the maximum value, is drastically reduced by reducing the stiffness of the base and 

installing viscous dampers. The drift angle is also reduced throughout the time history 

as shown in Fig. 11(b). By contrast, the rocking angle of base is enhanced, as shown in 

Fig. 11(c), by making the base flexible. Note that the rocking angle of stiff-model is 

very small. 
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(a)                                (b) 

 

(c) 

Fig. 11.  Time histories of responses; (a): roof displacement, (b) drift angle between 

base and roof, (c) rocking angle of base; solid line: flexible-model-2, dotted line: 

stiff-model. 

 

Figures 12(a)-(e) show the mean-maximum values of drift angle, net drift angle, shear 

force, floor displacement, and floor acceleration, respectively. The symbols ‘×’, ‘’, 

and ‘+’ correspond to stiff-model, flexible-model, and flexible-model-2, respectively. 

As seen from Figs. 12(a) and (d), the stiff-model has the largest displacement in upper 

stories and drift angles in all stories among the three models. However, if the rocking 

angle is extracted to evaluate the net drift angle, the flexible-model without damper has 

the largest values in the lower stories as shown in Fig. 12(b), because the rocking angle 

is opposite to the drift angle. The story shear forces that are computed from the shear 

forces of columns are plotted in Fig. 12(c), which shows that the stiff-model and 

flexible-model have almost the same shear forces. It has also been noted in Table 3 that 

the flexibility of base does not have any effect on the axial force of columns. Therefore, 

the flexible-base does not lead to increase of the cost for foundation. We can see from 
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Fig. 12(e) that the acceleration at base increases due to flexibility of the base; however, 

the flexible-model has a rather uniform distribution of the floor accelerations than the 

stiff-model, e.g., the ratios of roof acceleration to base acceleration of the flexible and 

stiff models are 2.332 and 7.472, respectively. Therefore, the roof acceleration can also 

be reduced utilizing the reverse rocking response. 

 

      

(a) (b) 

      

(c)                           (d) 

 

(e) 

Fig. 12.  Mean-maximum values of responses among ten waves; (a) drift angle, (b) net 

drift angle extracting rocking angle, (c) shear force, (d) floor displacement, (e) floor 

acceleration; dashed line with ‘×’: stiff-model, dotted line with ‘’: flexible-model, 

solid line with ‘+’: flexible-model-2. 
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4.4 Condition for reverse rocking response 

   A condition for generating rocking response of the base in the opposite direction to 

the drift of upper frame, which is simply called reverse rocking response, is investigated 

using the simple model as shown in Fig. 13, where 0M  and 1M , respectively, 

represent the mass of base and the concentrated mass of the remaining part of frame. We 

assume, for simplicity, that the frame moves rigidly against horizontal ground motion, 

and the load applied to the frame is supported by the external diagonal members 1-5 and 

4-6, because the stiffnesses of members 1-2 and 3-4 are small enough so that the axial 

forces of members 2-5 and 3-6 are negligible.  

Let 0a  and 1a  denote the x-directional accelerations applied at nodes 7 and 8, 

respectively. From the equilibrium in x-direction and the symmetry condition, the axial 

forces of members 1-5 and 4-6 are calculated as 0 0 1 1( ) / (2cos )a M a M   and 

0 0 1 1( ) / (2cos )a M a M   , respectively. Then the moment due to these forces around 

node 7 is 0 0 1 1[( ) tan ] / 2a M a M L  , and counter-clockwise rocking occurs if the 

following condition is satisfied: 

0 1 1 1

1
( ) tan

2
M M L M H        (2) 

where 1 0/a a  . 

   For the model in Fig. 6, 1H  is simply assigned as 7 m, which is a half of the height 

of the frame, and L = 10 m, / 4  , 0 50000M   kg, 1 5000 8 40000M     kg. 

Therefore, Eq. (2) reduces to 50 /16 3.1250   . We can confirm from Fig. 12(e) that 

this condition is satisfied by the flexible-model. 

Next, we investigate the dependency of the roof displacement of the frame in Fig. 6 

on various properties of the frame. Optimal values of the cross-sectional area AT of the 

thin member is found using the same procedure as Sec. 4.2., i.e., AT is parametrically 

varied to find the minimum value of the roof displacement evaluated by the SRSS 

method. 

Table 4 shows the optimal value of AT and the corresponding roof displacements of 

flexible and stiff models for various values of span L, story height H, total mass M0 at 

base, and width W of base. Note that the value of AT for stiff model is 0.02 m2. The 
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standard parameter values L = 10 m, H = 3.5 m, M0 = 50000 kg, and W = 6 m 

correspond to the model investigated in Sec. 4.2. 

 

 

Fig. 13.  A simple model for investigation of condition for reverse rocking response. 

 

Table 4.  Optimal cross-sectional areas and roof displacements of frames with flexible 

and stiff bases corresponding to various values of span L, story height H, total mass M0 

at base, and width W of base. 

  Optimal 
cross-sectional 
area  
(×104 m2) 

Roof disp. (m) 
of flexible 
model 

Roof disp. 
(m) of stiff 
model 

Flexible/Stiff

 8.0 0.17100 0.01616 0.02304 0.70121 
 9.0 0.20700 0.01297 0.01724 0.75242 
Span (m) 10.0 0.45500 0.01425 0.03498 0.40722 
 11.0 0.67500 0.01506 0.04784 0.31469 
 12.0 0.74400 0.01597 0.05598 0.28528 
 3.00 1.14400 0.00998 0.05067 0.19687 
 3.25 0.80400 0.01197 0.04384 0.27301 
Story height  3.50 0.45500 0.01425 0.03498 0.40722 
(m) 3.75 0.28500 0.01617 0.02548 0.63470 
 4.00 0.13100 0.01845 0.01939 0.95145 
 40000 0.19200 0.01502 0.01751 0.85755 
 45000 0.33200 0.01456 0.02501 0.58213 
Mass (kg) 50000 0.45500 0.01425 0.03498 0.40722 
 55000 0.64300 0.01382 0.04477 0.30869 
 60000 0.77400 0.01347 0.05569 0.24192 
 3.0 0.26200 0.01304 0.02545 0.51252 
 4.0 0.42400 0.01282 0.02543 0.50426 
Width of base  5.0 0.54000 0.01328 0.02546 0.52164 
(m) 6.0 0.45500 0.01425 0.02553 0.55813 
 7.0 0.18800 0.01500 0.02563 0.58509 
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A small value of the ratio Flexible/Stiff indicates large reduction of roof 

displacement owing to the reverse rocking response. It is seen from Table 4 that larger 

span, smaller height, and larger base mass lead to enhancement of response reduction 

owing to reverse rockling response. Although the width of base does not have much 

effect on the response reduction property, a larger width leads to a larger roof 

displacement. 

 

5. Optimization of frame structure for flexible base 

In Sec. 4, we showed that the roof displacement can be reduced using a flexible base 

modeled as a truss structure. However, it is very difficult to construct the base using 

bars and pin joints, because a pin joint cannot rotate smoothly due to the friction 

corresponding to axial forces and deformation in the perpendicular direction to the plane. 

Therefore, in this section, we demonstrate that the flexible base in Fig. 1 can be 

naturally generated through optimization of a frame modeled by frame elements. The 

generalized ground structure approach to topology optimization of frame is used [32], 

where the unnecessary members are removed as a result of optimization from the highly 

connected ground structure. The nodal locations are also considered as variables. 

 

 

Fig. 14.  A four-story plane frame with flexible base modeled by frame elements. 
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Fig. 15.  Flexible base modeled by frame elements. 

 

Consider a frame model as shown in Fig. 14, where L = 10 m, H = 3.5 m, D = 3 m, 

and W = 3 m. The properties of upper frame is the same as those of the frame in Fig. 6. 

The base in Fig. 15 consists of rigidly-jointed frame (beam-column) elements with 

square tube section as shown in Fig. 16 except the base beam indicated in dotted line, 

for which large values 0.05 m2 and 0.001 m4 are assigned for cross-sectional area and 

second moment of area, respectively. The ratio of t to B in Fig. 16 is fixed at 0.1, and 

the size iB  of the ith member in the base is considered as variable. The number of 

variables for the section is 28 considering symmetry of the base. The geometrical 

properties indicated by 1X  and 2X  in Fig. 15 are also considered as variables; i.e., 

the total number of variables is 30. 

 

 

Fig. 16.  Square tube section for members in the base. 

 

The objective function to be minimized is the roof displacement evaluated using the 

SRSS method for the design acceleration spectrum in Fig. 3. Although other response 

quantities such as interstory drift angle and floor acceleration are important, the reverse 

rocking response should have most significance in reduction of overall deformation 

measured by the roof displacement. It has been confirmed in Table 3 and Fig. 12 that 

reverse rocking response does not have much negative effects on other response 
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quantities. 

The upper bound 1.0 s is given, as follows, for the 1st natural period to avoid 

response reduction owing to increase of natural period: 

1 1.0T       (3) 

Upper bound U 0.0015D   m is assigned for the vertical (downward) displacements 

1D  and 11D  of nodes 1 and 11, respectively, under self-weight so that the base has 

enough vertical stiffness. Note that the mass of each member is assumed to be included 

in the concentrated nodal mass that is fixed. 

It can be observed from the result of simple frame model in Sec. 4 that the absolute 

value of the participation factor for the 2nd mode should have sufficiently larger value 

than that of the 1st mode. Therefore, we assign the following constraint to enhance 

convergence to an optimal solution with flexible base: 

2 15      (4) 

The upper and lower bounds (m) for iB  are 0.35 and 0.01, respectively. The bounds 

are also given for 1X  and 2X . The design variables are denoted by vectors 

1 28( , , )B BB   and 1 2( , )X XX . Then, the optimization problem is formulated as 

 

Minimize      ( , ) B X  

subject to      1( , ) 1.0T B X  

        1 11( , ) 0.0015, ( , ) 0.0015D D B X B X  

  2 1( , ) 5 ( , ) B X B X            (5) 

0.01 0.35, ( 1, ,28)iB i     

1 22.0 3.0, 1.0 2.0X X     

 

The optimization problem is solved using the optimization library SNOPT Ver. 7 [33], 

which utilizes sequential quadratic programming that is categorized as gradient-based 

nonlinear programming. The sensitivity coefficients are computed using a finite 

difference approach. The member with 0.01iB   in the optimal solution is regarded as 

an unnecessary member to be removed. Since the problem is highly nonlinear, the 
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solutions are obtained from randomly generated five different initial solutions. The 

optimal solutions Opt1, ..., Opt5 are shown in Fig. 17, where the thickness of each 

member is proportional to its size iB . 

Note that Opt5 has floating members, because the structural volume is not minimized 

in the process of optimization. By contrast, Opt1, Opt2, and Opt3 manifest how 

horizontal and vertical loads are transmitted to the supports through the flexible base. 

Opt2 and Opt3 have stiff base beam as assemblage of frame elements, which is 

supported by a vertical member at the center and the diagonal members at both sides. 

Figure 18 shows the trajectory between the rocking angle and net drift angle of Opt1 

for the seismic motion in Fig. 5(b). From the figure, we can confirm rocking of the base 

in the opposite direction to the drift of the upper frame, which leads to reduction of the 

roof displacement. 

 

       

(a) Opt1:  = 0.01259 m     (b) Opt2:  = 0.1227 m     (c) Opt3:  = 0.01228 m 

                

(d) Opt4:  = 0.01302 m             (e) Opt5:  = 0.01292 m 

Fig. 17.  Optimal solutions of the frame model Opt1, …, Opt5 obtained from randomly 

generated different initial solutions; thickness of each member is proportional to its 

cross-sectional size iB , and the member with 0.01iB   is removed. 
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Fig. 18.  Trajectory of rocking angle and drift angle of Opt1 subjected to the seismic 

motion in Fig. 5(b). 

 

6.  Conclusion 

Reverse rocking response under seismic motion has been investigated for a steel 

frame that has flexible base. A condition for reverse rocking response has been derived 

using a simple model. An optimization approach has also been proposed for design of 

flexible base for seismic response reduction of building frames. The conclusions drawn 

from this study are summarized as follows: 

1. The displacement as well as acceleration of the roof of a frame under seismic 

ground motion can be effectively reduced using a flexible base structure, which 

utilizes rocking of the base in the opposite direction to the drift of the upper frame. 

Such reverse rocking response is dominated by the 2nd mode rather than the 1st 

mode.  

2. The large horizontal displacement at a roller support of the flexible base can be 

effectively utilized to install viscous dampers for further reduction of seismic 

responses. 

3. Various types of flexible base consisting of frame members can be generated 

through optimization under constraints on roof displacement and 1st natural 

frequency. It is also effective to assign constraints on the participation factors for 

the 1st and 2nd modes to ensure dominance of the 2nd mode to enhance rocking 

response of the base in the opposite direction to the drift of the upper frame. The 

mean maximum roof displacement, which is computed using the SRSS method, is 

minimized as the objective function. Optimal cross-sectional sizes and geometrical 

properties can be found by a random start nonlinear programming.  
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