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Abstract 
A flexible supporting structures reducing seismic responses of two types of spatial structures, an arch 
and a latticed dome, are proposed. The supporting structures of the arch and the latticed dome are 
modeled as two- and three-dimensional truss structures, respectively, and their topology and cross-
sectional areas are optimized solving nonlinear programming problems. The optimization problem of 
the arch is divided into two small optimization problems to obtain the optimal solution efficiently. It is 
demonstrated through time-history response analysis that the flexible supporting structure can reduce 
the seismic response of the roof structures, and installing viscous dampers into the supporting structure 
is effective to further reduction of the responses. 

Keywords: arch, latticed dome, flexible supporting structure, topology optimization, seismic response 

1. Introduction 
Various seismic response control systems, for example, stiff seismic design, base isolation, and 
passive energy dissipation system have been proposed to reduce seismic damage of building structures. 
Some of them are effective also to spatial structures such as arches, domes and shells; however, it is 
rather difficult to control seismic response of spatial structures because several modes should be 
considered in the process of response evaluation. 

The main seismic damages of spatial structures caused by recent earthquakes are the fall of non-
structural components such as ceilings and hanging equipments, and the damage at the connection 
between the roof and the supporting structure. One of the methods to control these damages is to 
reduce the acceleration response and the inertia force of the roof structure. The previous study by 
Ohsaki et al. [1] shows that using the flexibility of a base structure is effective in reducing roof 
displacement and acceleration of a building frame. Miyazu et al. [2] show that the normal response of 
the roof of an arch can be reduced by flexible supporting structures obtained through topology 
optimization methods. In this study, we apply the concept of the flexible structure to the supporting 
structures of two types of spatial structures: an arch and a latticed dome, and we optimize the topology 
and the shape of the supporting structures.  

The arch and the latticed dome are modeled as two- and three-dimensional structures, respectively, 
and the topology, the shape, and the cross-sectional areas of the supporting structures modeled as pin-
jointed trusses are optimized using a nonlinear programming approach. The acceleration response in 
the normal direction and the inertia force of the roof structures evaluated by the complete quadratic 
combination (CQC) method are minimized under constraints in stiffness under self-weight. It is shown 
in numerical study that the flexible supports reducing roof responses are successfully generated by the 
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proposed optimization method. Effectiveness of installing viscous dampers into the flexible supporting 
structure is also demonstrated through time-history response analyses. 

2. Flexible supporting structure for arch 

2.1 Overview of flexible support for arch 

In an arch supported by conventional stiff structures, as shown in Fig. 1(a), it is known that the normal 
directional response is excited in the roof structure even when the arch is subjected only to horizontal 
seismic ground motions. Since the normal response of the roof causes the buckling of roof members 
and falling of non-structural members [3], reducing the normal response of the roof structure is one of 
the important point in the seismic design of arches. 

Figure 1 (b) shows the concept of the reduction of the normal directional response by utilizing the 
flexibility of the supporting structure. By using the supporting structures whose top node moves 
mainly in the tangential direction of the roof, as shown by thick arrows in Fig. 1(b), it is expected that 
the normal directional response of the roof is reduced. 

In our previous study [2], the flexible supporting structure for an arch is generated through two steps 
of static and dynamic topology optimization. In this study, we optimize not only the topology but also 
the shape of the supporting structure in the dynamic optimization problem to obtain better solutions. In 
Section 2.2, the results of the static optimization are summarized for completeness of the paper. 

 

 

 

 

Figure 1: (a) An arch with stiff supporting structures; (b) an arch with flexible supporting structures. 

2.2 Static optimization problem 

The static optimization problem for a supporting structure is solved to obtain the supporting structure 
whose top node moves in the diagonal direction under lateral load as shown in Fig 2(a). The 
conventional ground structure approach is used for topology optimization. 

The ground structure has 10 nodes including supports and 29 truss members which are not connected 
at their intersections without nodes. The mass of 4000 kg is attached at node 10 to represent the mass 
of a roof structure. The weight of the truss members is ignored. 

 

 

 

 

 

 

 

 

Figure 2: (a) Ground structure for static topology optimization; (b) topology of the optimal solution; (c) final 
topology of the optimal solution. 
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Let hvd  and hhd  denote the displacement in the Y- and X- directions, respectively, of node 10 under a 
lateral load P = 7.84 kN, which corresponds to 20 % of weight of the mass at node 10. The objective 
function to be maximized is formulated as 
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After solving Problem 1, we solve the problem called Problem 2 to remove unnecessary members. 
Problem 2, which minimize the total volume V(A) of truss members under displacement constraint, is 
formulated as follows: 
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where Ropt denotes the optimal solution of Problem 1. Note that Ropt is multiplied by a coefficient C (= 
0.95) to obtain a lower bound to give sufficient large feasible region. 

Optimization problems 1 and 2 are solved using the optimization library SNOPT Ver. 7 [4], which 
uses sequential quadratic programming. A finite difference approach is used to calculate the sensitivity 
coefficients. The frame analysis software OpenSees [5] is used for structural analysis. 

Figure 2(b) shows the best optimal solution with R(A) = 0.517 among ten optimal solutions obtained 
from randomly generated ten different initial solutions.  The cross-sectional area of the members 
indicated by dashed lines have their lower bound. The width of the solid line is proportional to its 
cross-sectional area. By removing the members with lower bound cross-sectional area and nodes 4, 5, 
and 6, which are unstable nodes, we obtain final topology with R(A) = 0.590 shown in Fig. 2(c). Note 
that the thin member connecting nodes 1 and 7 can be manufactured as a spring. 

2.3 Dynamic optimization problem 

In this section, we optimize the cross-sectional area of the thin member and the shape of the 
supporting structure by solving dynamic optimization problems considering interaction between the 
roof and the supporting structures. Figure 3 (a) shows an arch with conventional stiff supporting 
structures. The roof structure consists of ten steel beam members with Young’s modulus 2.05×105 
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N/mm2. The cross-sectional area and second moment of area of the beam are 4.68×10−3 m2 and 
7.21×10−5 m4, respectively. The cross-sectional area of the truss members of the supporting structure is 
2.0×10−3 m2.  Nodes 10 and 20 are connected by tie bar whose cross-sectional area is 1.0×10−3 m2. The 
mass of 800 kg and 400 kg are attached at nodes 10 to 20 and at the nodes in the supporting structure 
except for supports, respectively; thus, the total mass of this arch is 13600 kg. We call this arch stiff-
model. 

Figure 3(b) shows the mode shape of the 1st mode of the stiff-model. The natural periods of the 1st 
and the 2nd modes are 0.369 s and 0.194 s, respectively. It is seen that the deformation of the roof is 
much larger than that of the supporting structures. 

 

 

 

 

 

 

Figure 3: (a) An arch with stiff supporting structures (stiff-model); (b) mode shape of the 1st mode. 

Figure 4(a) shows an arch supported by the flexible structure obtained in Section 2.2. The supporting 
structures are located symmetrically to make the roof moves in the mainly tangential direction as 
illustrated in Fig. 1(b) under horizontal seismic excitations. The mass of 800 kg is attached at nodes in 
the supporting structures excluding its supports so that this arch has the same total mass as the stiff-
model. 

 

 

 

 

 

Figure 4: (a) An arch with flexible supporting structures; (b) shape variable Xs of the supporting structure; (c) 
mode shape of the 1st mode. 

Since it has been found through preliminary time-history analysis that the cross-sectional area of 
member A indicated by dashed lines in Fig. 4(a) plays an important role on the reduction of 
acceleration response of the roof structure, the cross-sectional area AA of member A is chosen as a 
design variable in the following optimization problem. The variable sX  of the supporting structure, 
which defines the shape of the supporting structure to modify the moving direction of nodes 10 and 20, 
is illustrated in Fig. 4(b). The objective function to be minimized is evaluated by 
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In Eqs. (4)-(7), n
iu  is the absolute acceleration response in the normal direction of the ith node 

evaluated by the CQC method [6], sr  is the modal-correlation coefficient between the sth and the rth 

modes, and s , sh , sT , and n
s  are the participation factor, the damping factor, the natural period, and 

the normal directional component of the sth mode, respectively. The ratio of the natural circular 
frequencies of the rth mode to that of the sth mode is denoted by χ. Equation (7) defines the design 
acceleration response spectrum for a middle level earthquake. In the CQC method, the number of 
modes N is 14, and the modal damping is defined as Rayleigh damping with 02.021  hh . 

Let ghd  and gvd  denote X- and Y- directional displacements of the top node of the left supporting 
structure under self-weight. In order that the supporting structure has enough vertical stiffness, lower 
bounds 012.0L

ghd  and 0072.0L
gvd  (m) are assigned. Note that the lower bound L

gvd  is relaxed to 

120 % of that of Problem 1 to have enough large feasible region. The lower and upper bounds LAA  and 
UAA  for AA  are the same as those for iA  in Section 2.2, and those for sX  are 5.0s LX m and 

5.0s UX  m, respectively. Hence, the optimization problem is formulated as: 
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The cross-sectional area AA  and the shape variable sX  are optimized to find the optimal value 
5

A 10765.8 A  m2 and 5.0s X  m, respectively. The optimal objective value is 2.51 m/s2, which 
is 46 % of that of the stiff-model. This solution is called flexible-model. The mode shape of the 1st 
mode of the flexible-model, illustrated in Fig. 4(c), shows that the large deformation is produced in the 
supporting structure. The natural periods of the 1st and the 2nd modes are 1.06 s and 0.353 s, which 
are 2.9 and 1.8 times as large as those of the stiff-model.  

2.4 Time-history response 

In this section, time-history analyses on the stiff- and the flexible- models are conducted using the 
software OpenSees to obtain the maximum responses under ground motions. The design acceleration 
spectrum defined by Eq. (7) is shown in a thick line in Fig. 5(a). Ten seismic ground motions are 
generated to be compatible with the design response spectrum using random phase. The acceleration 
response spectra of ten ground motions are shown in thin gray lines in Fig. 5(a). The time increment 
and the duration of each ground motion are 0.01 s and 60 s, respectively. The time history of one of 
the ground accelerations is shown in Fig. 5(b). 

Figure 6(a) and (b) shows the mean values of the maximum absolute accelerations in the tangential 
and the normal directions of the nodes. The nodes are identified by X-coordinates. The maximum 
normal acceleration response among all the nodes of the flexible-model is 44 % of that of the stiff-
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model; however, since the supporting structure is optimized to move in the tangential direction, the 
maximum tangential acceleration of the flexible-model increases to 148 % of that of the stiff-model. 

 

 

 

 

 

 

Figure 5: (a) Acceleration response spectra (h=0.05). Thick line: design spectrum; thin lines: spectra of ten 
ground motions.; (b) time history of a ground acceleration. 

 

 

 

 

 

 

Figure 6: (a) Tangential acceleration response; (b) normal acceleration response (○: Flexible-model with 
dampers, ×: Flexible-model without dampers, : Stiff-model); (c) relation between c and acceleration responses. 

2.5 Installation of viscous dampers 

In order to reduce the tangential acceleration increased by the flexible supporting structure, we install 
viscous dampers between the pairs of nodes 7, 8, and 7’, 8’ in the supporting structure shown in Fig. 
4(a), which have large relative displacements under seismic excitations.  

Figure 6(c) shows the relation between the damping coefficient c of the dampers and the acceleration 
responses under the ground motion shown in Fig. 5(b). The ordinate is the norm of acceleration 
response defined in Eq. (4). It is seen that the dampers with c ≤ 50000 Ns/m decrease the tangential 
acceleration response without increasing the normal acceleration response. The plot of ○ 
superimposed on Fig. 6(a) and (b) are the results of the flexible-model with the dampers which have c 
= 10000 Ns/m. It is confirmed that the viscous dampers successfully decrease the tangential 
acceleration without increase of the normal acceleration. 

3. Flexible supporting structure for latticed dome 

3.1 Overview of flexible support for latticed dome 

The latticed dome considered in this study, shown in Fig. 7, has a roof structure with translational 
surface, which is supported by four supporting structures at the corners of the roof. In recent 
earthquakes, failure at the connection between the roof and the supporting structure is one of the main 
structural damage of domes; therefore, it is assumed that reduction of inertia force of the roof structure 
is effective to avoid the damage at the connection due to earthquake excitation. 

In the case of domes, since the behavior under seismic ground motions is complex because of three 
dimensional responses, it is difficult to predict the effective deformation characteristics of the 
supporting structure to reduce the inertia force of the roof. In this study, therefore, we try to optimize 

0

1

2

3

0 0.5 1 1.5 2

A
cc

el
er

at
io

n 
(m

/s
2 )

Period (s)

-1.5

-1

-0.5

0

0.5

1

1.5

0 10 20 30 40 50 60

A
cc

el
er

at
io

n 
(m

/s
2 )

Time (s)
(a) (b)

(a) (b) (c) 

0

0.5

1

1.5

2

2.5

3

-10 -5 0 5 10
0

0.5

1

1.5

2

2.5

3

-10 -5 0 5 10
0

0.5

1

1.5

2

2.5

3

0 20000 40000 60000 80000

Tangential direction
Normal direction

m
/s

2

m
/s

2

m
/s

2

m Ns/mm



Proceedings of the IASS Annual Symposium 2016 
 Spatial Structures in the 21st Century  

 

 
 

7

the supporting structure through only dynamic optimization problems about roof+supporting 
structures. Viscous dampers are installed into the optimized supporting structures to further reduce the 
inertia force of the roof structure. Note that the response under one directional seismic ground motion 
is considered in this study. 

 

 

 

 

 

 

 

 

Figure 7: Latticed dome supported by four supporting structures 

3.2 Formulation of optimization problem 

The structural model of the latticed dome with stiff supporting structures is shown in Fig. 8(a) and (b), 
where (X, Y, Z) and (u, v, w) indicate the global coordinates and the local coordinates of the roof 
member, respectively. The roof structure consists of 11 arches in the X- and Y-directions, respectively, 
and these arches are connected as rigid joints at the intersections. The span of the arch is 19.5 m and 
the height of the top of the dome from the top of supporting structure is 5.22 m. The cross-sectional 
area and the second moment of areas with respect to v- and w-axis of the roof members except for the 
edge arches are 4.678×10-3 m2, 7.210×10-5 m4, and 5.080×10-6 m4, respectively, and those of the 
members of the edge arches are 1.692×10-2 m2, 9.890×10-4 m4, and 7.660×10-5 m4, respectively. Each 
supporting structure consists of 20 pin-jointed truss members whose cross-sectional areas are 
1.000×10-2 m2. The mass of 1000 kg and 600 kg are attached at the top node and the other nodes, 
respectively, of the supporting structure, and the mass of 800 kg is attached at the nodes of the roof 
structure. We call this latticed dome stiff-model. 

In this section, we optimize the topology and the cross-sectional areas of the supporting structure to 
reduce the inertia force of the roof structure under X-directional seismic motion. Therefore, the 
objective function to be minimized is evaluated by 
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where km  and X
s  denote the mass of node k and the X-directional component of the sth mode, 

respectively. The value of n is 117, which is the number of nodes on the roof structure except for the 
nodes of the corner. The number of modes N is 50 in this problem. The damping factors 02.041  hh
are used for Rayleigh damping. 

Figure 8(c) shows the mode shape of the 1st mode of the stiff-model. It is seen that the deformation of 
the roof structure is dominant in the model. The natural period of the 1st and the 4th modes are 0.607 s 
and 0.311 s, respectively. The objective function IF is 2.02×105 N.  
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Figure 8: (a) Stiff-model; (b) supporting structure; (c) mode shape of the 1st mode. The width of the line is 
proportional to the cross-sectional area of the member. 

Let gxd , gyd , and gzd  denote the X-, Y-, and Z- directional displacement of the top node of the 
supporting structure, respectively, shown by red filled circle in Figs. 8(a) and (b). The lower bounds 
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stiffness against self-weight. The cross-sectional areas iA  of m (=12) truss members shown in Fig.  
9(a) and the variation of locations of the nodes of the supporting structure shown by red arrows in Fig. 
9(b) are chosen as design variables, which are denoted by vector ),,( mi AA A  and scalar X. The 

lower and the upper bounds of ),,1( miAi   are 5100.1 L
iA  m2 and 2100.1 U
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respectively, and those of X are 5.0LX  m and 5.0UX  m, respectively. Note that the topology 
of the supporting structure is symmetry with regard to the axes indicated by red dashes lines in Fig. 9 
(a) and (c). We formulate the optimization problem called Problem 4 as follows. 
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Figure 9: (a) Node and member numbers of the supporting structure; (b) variation of locations of the nodes X of 
the supporting structure; (c) top view of the model. 
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cross-sectional area, and the members that reach cross-sectional areas of their lower bounds are 
indicated by dashed lines. The cross-sectional areas of all the members shown by solid lines reach 
their upper bound. The value of X has its lower bound. The objective function is 1.58 ×105 N, which is 
about 78 % of that of the stiff-model. Figure 10(c) shows the mode shape of the 2nd mode which has 
dominant deformation in the X-direction. The natural period is 1.19 s, which is 196 % of the 1st mode 
natural period of the stiff-model. Note that the 1st mode has the rotational deformation with respect to 
the Z-axis and the natural period of 1.3 s. It is seen that the in-plane deformation of the roof is smaller 
and that of the supporting structure is larger compared with those of the stiff-model.  

 

 

 

 

 

 

Figure 10: (a) Topology of the optimal solution; (b) supporting structure; (c) the mode shape of the 2nd mode. 

Since the supporting structure shown in Fig. 10(b) has unnecessary members and nodes, we remove 
members 5, 6, 8 and node 4, and replace members 3 and 12 connected to node 4 with one member. By 
solving Problem 4 with m = 2, the cross-sectional areas )2,1( iAi  of member 1 and 2 shown in Fig. 

11(a) and X are optimized to find optimal values 1.0×10-5 m2 and -0.5 m, respectively. The objective 
function is 1.24×105 N, which is 61 % of that of the stiff-model. We call this model flexible-model. 
The mode shape of the 2nd mode with natural period 1.53 s, shown in Fig. 11(b), is almost the same as 
Fig. 10(c). Figure 11(c) shows the relation between the objective function IF  and the cross-sectional 
areas of members 1 and 2, which indicates that small cross-sectional areas of members 1 and 2 are 
better for reduction of IF  as long as the constraints are satisfied.  

 

 

 

 

 

 

Figure 11: (a) Topology of flexible-model; (b) mode shape of the 2nd mode; (c) relation between the objective 
function and the cross-sectional area of members 1 and 2. 
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As seen in Fig. 11(b), the relative displacement between nodes 1 and 7 is large in the supporting 
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dissipating a part of seismic input energy. Figure 12(a) shows the relation between the damping 
coefficient c of the viscous damper with IF  which is the mean value of the maximum inertia force of 
the roof structure in the X-direction, obtained by time history response analysis using ten ground 
motions. It is confirmed that IF  has the smallest value around 5105.2 c  Ns/m. Figure 12(b) shows 
the time history response of the inertia force of the roof structure of the stiff-model and the flexible-
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model with viscous dampers of 5105.2 c  Ns/m. The dampers successfully decrease the inertia 
force response all over the duration time of the ground motion. 

 

 

 

 

 

 

Figure 12: (a) Relation between c and IF ; (b) time history of the inertia force of the roof structure. Blue line: 
stiff-model, red line: flexible-model with viscous dampers. 

4. Conclusions 
1. The flexible supporting structure of the arch, which makes the roof structure move mainly in the 

tangential direction to reduce the normal acceleration response of the roof, is successfully 
generated through two steps of static and dynamic optimization problems. 

2. In the latticed dome, the supporting structure which reduces the inertia force of the roof structure 
under one directional seismic ground motion is obtained by solving dynamic optimization 
problems. 

3. Installing viscous dampers into the flexible supporting structure is very effective to further reduce 
the seismic response of the roof structures of the arch and the latticed dome. 
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