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ABSTRACT

Imperfection sensitivity properties are investigated for an arch-type truss that has multiple member buckling at
a limit point, which is classified as hilltop branching with multiple symmetric bifurcation points. The critical
loads of imperfect structures are shown to be governed by a piecewise linear law of the imperfection parameter.
Anti-optimization problems are formulated to obtain the worst imperfection modes that most drastically reduce
the critical load. A formulafor the worst nodal imperfection as alinear combination of the critical modesis also
presented. The validity of the formulais ensured by path-following analysis of an arch-type truss with randomly
generated imperfections.

1 INTRODUCTION

It iswell known that a coincidence of bifurcation loads corresponding to global and local buckling leadsto a severe
reduction of the critical load due to existence of initial imperfection. The simultaneous buckling was studied in
association with optimization. The principle of simultaneous mode design states, “A given form will be optimum if
all failure modes which can possibly intersect occur simultaneously [1].” The danger of naive optimization without
due regard to imperfection sensitivity and the erosion of optimization by compound branching were suggested [2].
Various kinds of structures were found highly imperfection-sensitive when two or more bifurcation points are
nearly or strictly coincident, and are subjected to interaction of buckling modes, such aslocal and global modes[3—
5]. Thompson and Hunt [6] suggested extreme enhancement of imperfection sensitivity due to modal interaction
as aresult of optimization; imperfection sensitivity of coincident critical points was studied thereafter [7, 8].

Yet such severe enhancement of imperfection sensitivity is absent for another kind of coincident critical points.
A nearly coincident pair of a bifurcation point and a limit point of loading parameter was found in () numeri-
cal simulation of a long tensile steel specimen undergoing plastic instability [9], and (b) mechanical instability
of stressed atomic crystal lattices [10]. Such a pair of critical points was approximated by a hilltop branching
(bifurcation) point, at which the pair of critical points coincide strictly. This hilltop point was shown to enjoy
locally piecewise linear imperfection sensitivity [10, 11], which isless severe than the 2/3-power law for asimple
symmetric bifurcation point. A piecewise linear relationship was also observed for other hilltop branching points
that occur as the coincidence of (&) an asymmetric bifurcation point and alimit point [12], and (b) alimit point and
adouble bifurcation point studied by a group-theoretic approach [13].

Ohsaki [14] optimized shallow trusses under constraints on nonlinear buckling and found that the optimum
solution usually has a hilltop branching point, which is not sensitive to imperfections. Thus the optimization for
nonlinear buckling does not always produce a dangerous structure.

It is noteworthy that, for a pin-jointed truss, member buckling can occur aimost independently from global
buckling. Therefore, it ispossible to create ahilltop branching point at which arbitrary many symmetric bifurcation
points can exist at alimit point; i.e., many members buckle simultaneously with global buckling.

In this study, imperfection sensitivity law derived by Ohsaki and Ikeda [15] is verified by carrying out path-
tracing analysis for randomly generated imperfect structures. Anti-optimization problems are formulated to find
worst imperfection modes [16]. The critical loads of imperfect systems with practically acceptable imperfection
norm are investigated. As a consequence to these investigations, it is shown that the ‘ simultaneous mode design’
for this case is not that pessimistic as was cautioned as the ‘ erosion of optimization by compound bifurcation.’

2 HILLTOP BRANCHING AT THE PERFECT SYSTEM

Consider a general finite-dimensional geometrically nonlinear structure, of which the deformation is described by
the nodal displacement vector U = (U, ...,U,), where n is the number of degrees of freedom. We assume the
existence of the total potential energy V (U, A) that is a smooth function of U and loading parameter A.

Denote by H the Hessian of V' with respect to U, which is caled tangent stiffness matrix. The eigenvalue
problem of H isformulated as



where e; istheith lowest eigenvalue (e; < e;41), and ®, isthe associated eigenvector normalized by
®/®, =1, (i=1,...,n) )

where ()T denotes the transpose of a vector.

Consider acase wherem — 1 bifurcation pointsexist at alimit point; i.e., the critical point isahilltop branching
point with m lowest eigenval ues vanishing simultaneously. The generalized coordinate ¢; in the direction of ®; is
defined by the transformation

UZUC-FZ(]J‘(I)J‘ (3)
j=1
where U°¢ is the displacement vector at the critical point. Then q¢1,...,q, Serve as active coordinates and

Gm+1, - - - -qn 8S passive coordinates. The increment of the loading parameter from the hilltop point is denoted
by .

The total potential energy is defined as a function of q = (q1,...,¢,) and X and is written as V(q, \).
Differentiation with respect to ¢; isindicated by a subscript ( - ) ;. The equilibrium eguations are written as

V,=0, i=1,...,n) 4
Since m lowest eigenvaluese; (i = 1, ..., m) vanish at the hilltop point, the following relations hold:
Vi =0, (i,j=1,...,m) (5)
For the modes ®; (i = m + 1, ..., n) higher than m, orthogonality conditions
@/, =0, (i,j=m+1,...,n;i#7) (6)

should be setisfied so that V;; is diagonalized such that

Vi =0 (g=m+1..mi#)) o
Vij=V;i=0, (i=1,....m;j=m+1,...,n) ®)

Note that the orthogonality among the eigenvectors ®; (i = 1, ..., m) need not be satisfied, because, for multiple
eigenvalues, any linear combination of the eigenvectorsis aso an eigenvector.
From the conditions of bifurcation points and limit point,

Vi=0,(i=1,...,m—1) 9)
Vin #0 (10)

areto be satisfied, where ()’ indicates differentiation with respect to .

3 IMPERFECTION SENSITIVITY ANALYSISAT HILLTOP POINT

Let b denote a vector representing the mechanical properties of the structure such as nodal locations and cross-
sectional areas. Indicate by b = b? the perfect structure. The imperfect structures are defined by the imperfection
pattern vector d and the associated imperfection parameter ¢ as

b=0b"+ed (12)

Thetotal potential energy of an imperfect systemisdefined by n+2 variables \, 1, ..., ¢, ande asV(q, A, ¢).
Let A0 denote the critical load factor of the perfect structure. The increment \° of the critical load factor A€ from
A isdefined as

AC = A€ — AC (12)

The purpose of imperfection sensitivity analysisisto derive the relation between \° and «.
For the bifurcation points corresponding to member buckling, V' satisfies the following conditions:

e All them — 1 bifurcation points are individually symmetric [7]; i.e.,

‘/,z]k:O, (Z’j7k:177m_1) (13)



e V issymmetric in the direction of bifurcation modes, and is not symmetric in the direction of limit point
mode as

‘/,imm =0, (7': la”'am_l) (15)

e Definition of limit point leads to
Vimmm 7 0 (16)

Although the details are not shown, the following imperfection sensitivity law is satisfied:

V VinmmCrm [€] (17)

Vin 1
ViV

!
, M

A= —

where C,,, is a constant independent of ¢ as

m—1m-—1
Con= > > Vijmlid (18)

=1 j=1

[

G; s obtained by solving the following m — 1 linear equations:

m—1

j=1

Note that the direction of the limit point mode ®.,, is defined such that V5, > 0, and V. ,.;m Cr, > 0 are satisfied.

4 WORST IMPERFECTION

The worst imperfection mode is defined so that the critical 1oad of imperfect system isreduced most drastically for
agiven norm of imperfection mode. Let B denote the matrix for which (j,)-element is defined by §%V/0U;0b;.
Also let hy, = V. for simplicity. Then the relation

hy=®.Bd, (k=1,...,s) (20)

holds. In the following, the components of the vectorsare writtenash = {h,}, @ = {¢; }, etc.

Thevectorsh and q are divided into the components corresponding to the bifurcationmode h® = (hy, ..., hymo1) ',
a® = (G1,...,Gm—1)" and the limit point mode h* = h,,, ¢“ = G,,. The matrix for which the ith row is equal
to® (i=1,...,m—1)isdenotedby F%,i.e,

h? = FPBd (21)

The (m — 1) x (m — 1) matrix that has V;;,, at (4, j)-element (4,5 = 1,...,m — 1) isdenoted by G. By
using (21), (18) and (19) are reduced to

Cn=d B'FET(G1)TFPBd (22)
g% = -G 'FPBd (23)
For simplicity, define G as
G=VymmB FET(G)TFEB (24)
Then, (17) is rewritten as
A°(d) = —(I’;T;fds - Vl,m VAT Gd |¢| (25)

Hence, the anti-optimization problem to minimize A¢ isformulated as

AOP1 : minimize A°(d) (26)
subject to d'd =1 (27)



Figure 1. An arch-typetruss.

Next, we consider the imperfection in the direction of the active coordinates; i.e., the imperfection pattern

vector d is defined as the linear combination of the critical mode vectors ®; (i = 1,...,m) as
d=> c®; (28)

=1
where ¢; isthe coefficients. Assume the following orthogonality condition:
®/'B®, =0, (i=1,...,m—1) (29)

The validity of this assumption is confirmed in the example of an arch-type truss.

Let DB denote the matrix, which has ®; (i = 1,...,m — 1) in the ith column, and c is divided into the
components of bifurcation modes c? = (cy,...,c,—1) " and the limit point mode ¢ = c,,.

Define G* and e,,, as

G*=D"”TG'D” (30)
em = ® B®,, (31)
Using (28)—(31), (25) isreduced to
c emc” L TGeen
A(c) =— v €T Ve G*cB | (32)

Hence, \° defined by (17) is regarded as a function of ¢, and the anti-optimization problem to minimize A€ is
formulated as

AOP2 : minimize A°(c) (33)
subject to ¢Te =1 (34

Since the right-hand-side of (32) is divided into the two terms corresponding to ¢’ and c?, respectively, we
first maximize ¢ T G*c? under constraint of

cBTeP =q, 0<a<l) (35

Let 1 denote the maximum eigenvalue of G*, which is area symmetric matrix. The minimum value of the
second termisgivenas —(1/V7,,),/au |[. Hence, a is obtained by minimizing A°(a) defined by

m 1
Ac(a)z—;/ Vi—ae— 7

!
M

Nal (36)

By differentiating (36) with respect to a, we obtain a = p/+/e2, + p for the worst imperfection, and the anti-
optimal solution ¢ of AOP2 is obtained as

2
L €m B 1%
e Ve rut 50

where g is the eigenmode corresponding to the maximum eigenvalue of G*, where g isnormalizedby g'g = 1.
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5 IMPERFECTION SENSITIVITY OF AN ARCH-TYPE TRUSS

Imperfection sensitivity analysisiscarried out for apin jointed arch-type trussas shown in Fig. 1, where L = 1000,
H = 400, and the height of the center node is 200. A proportiona load Ap is applied in the y-direction at the
center node, where p = 0.001, and the stiffnessis scaled so that the elastic modulusis equal to 1. In the following,
the units of length and force are omitted.

The members are divided into four groups as shown in Fig. 1. Let A; and I; denote the cross-sectional area
and the moment of inertia of the membersin group ¢, which are related by the constant +; as

where (A1, Ay, Az, Ay) = (100, 100, 1000, 300), (71, Y2, v3,74) = (18.15,18.05, 30.0, 100.0). Each member is
divided into four elements, and Green’s strain is used for the definition of the strain.

5.1 Imperfection sensitivity

The relation between the load factor A and the vertical displacement v of the center node is as shown in Fig. 2,
where alimit point isreached at A = AC = 4.7681. The relations between the five eigenval ues and v are plotted
inFig. 3.

Thefivecritical modes ®4, ..., ®5 areasshownin Fig. 4, where ®4, . .., ®, correspond to member buckling,
and ®; isthelimit point mode. The 3rd-order differential coefficients of V' are computed as

Vi = Viags = —2.0842 x 1077, Vigos = Vs = —2.1415 x 1077,

39
Vs = —2.2262 x 1077, Vigss = —1.8214 x 107 (39)
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where the terms neglected in (13) (15) have been confirmed to be very small. Other coefficients are

Vi=Vy=-97979x 1075, V3 ="V,=—-9.7963 x 107°,
Vs =—4.7352 x 107°, Vi = —7.0748 x 107!

)

(40)

The relation between the imperfection parameter in the direction of Zle @, and the critical load is computed
as

A¢ = A — 1.8393 x 10~ 2 — 0.22176)¢| (41)

whichisplotted in Fig. 5, where‘+' denotesthe limit point load computed by path-tracing analysis. Note that each
mode is normalized by (2), and the maximum nodal imperfection for ¢ = 1 is about 0.5. Hence, for asmall range
of imperfection, the imperfection sensitivity can be approximated in a good accuracy by the piecewise linear law
(42).

For the imperfection in the direction of the limit point mode, the second term in (41) does not exist, and the
relation between A€ and ¢ islinear as

A° = A —1.8393 x 107 2%¢ (42)

which isplotted in Fig. 6. In thisexample, the imperfection in the limit point mode isless sensitive than that in the
bifurcation mode.

The imperfection sensitivity in the direction of ®3 issymmetric as
A = A —0.11249|¢] (43)

which is plotted as Fig. 7. Therefore, the small asymmetry in ®3 does not lead to visible asymmetry in the
imperfection sensitivity.

In the above examples, small imperfections that are not practically acceptable have been considered. Consider
next a moderately large nodal imperfection of about 2.0, which is 1/100 of the height 200.0. Since the vertical
deflection of the center node in the limit point mode normalized by (2) is 0.25745, therange —8 < ¢ < 8 is
considered. The critical loads are plotted in Fig. 8, which exhibits good accuracy between the linear law and the
critical point computed by the path-tracing analysis.

For the members, theinitial deformation is considered to be 2.0, which is about 1/2000 of the member length.
Since the maximum absolute value of the components of modes 14 is about 0.5, therange —4 < ¢ < 4 is
considered. The critical loads of imperfect structures are plotted in Fig. 9. Note that the approximation is not very
good as the imperfection in the direction of the limit point mode.

Next, path-tracing analysis is carried out considering random imperfections. Nodal imperfections in z- and
y-directions are generated by normal distribution of probability V(0,42). The same distribution is used for the
imperfection A; at the center node of the ith member, where the imperfection of 1/1/2A, is given for the nodes
located at 1/4 from each member end. Theresultsfor § = A; = 1 areasshownin‘+' in Fig. 10(a).

5.2 Worst imperfection
The coefficient ¢ of the worst imperfection is obtained from AOP2 as

(c1, ¢, ¢3,¢1,c5) = (0.0, —0.93362, 0.0, 0.32002, 0.16108) (44)



Critical load

Critical load

U N N T S R Y

Imperfection parameter
Imperfection parameter
Figure 8: Critical loads of imperfect structures cor-
responding to the limit point mode (largeimperfec-  Figure 9: Critical loads of imperfect structures cor-

tion). responding to ®3 (large imperfection).
4.8 I T I
4.75 ‘
=
E g a7
3 3
k= é 4.65
&)
4.6
4.55
Norm of imperfection Norm of imperfection
(a) small imperfection (@) large imperfection

Figure 10: Relation between imperfection norm and critical load for random imperfection

(8) solution of AOP2 (a) solution of AOP1

Figure 11: Worst imperfection modes.

Since orthogonality conditions are not satisfied for ®; (i = 1,...,5), thenormof d = Zle c; ®; 15 1.0478,
which is not equal to 1. On the other hand, the absolute value of ®, B®,,, (i = 1,...,m — 1) isless than that of
1/100000 of & B®,, (i = 1,...,m — 1); hence, the assumption (31) holds.

The mode d is as shown in Fig. 11(a). The optimal (worst) objective value of AOP2 is —0.11231, which is
divided by the norm 1.0478 to obtain the sensitivity coefficient —0.10719. The linear law in the direction of the
worst imperfection is plotted in the broken linein Fig. 10(a), where ‘o’ isthe result of path-tracing analysis.

On the other hand, the worst imperfection obtained by AOPL is as which in Fig. 11(b), and the sensitivity
coefficient is —0.25822. The result of the linear approximation is as shown in the solid linein Fig. 10(a), where ‘e’
isthe result of path-tracing analysis. The similar resultsfor 6 = 0.1 are plotted in Fig. 10(b). It can be confirmed
from these results that the worst imperfection serves as the lower bound of the critical load of the imperfect
structures. The coefficients of the worst imperfection mode for ®; (i = 1,...,5) are 0.0, 0.41847, 0.0, 0.10663,
—0.071310. Since the sum of the absolute values of the coefficientsislessthan 1, it is seen that the component of
passive coordinates are included in the worst imperfection mode. Therefore, considering only active coordinates
(linear combination of buckling modes) is not enough to estimating the worst imperfection mode.

6 CONCLUSIONS
The conclusions drawn from this study are asfollows:

1. Imperfection sensitivity of hilltop branching point, which has many individually symmetric bifurcation
points at a limit point, obeys a piecewise linear law; hence, the sensitivity is less severe than that of a
bifurcation point. Therefore, the existence of member buckling at the limit point is not dangerous in view
of imperfection sensitivity. The ‘simultaneous mode design’ for this case is not that pessimistic as was



cautioned the ‘ erosion of optimization by compound bifurcation.’

2. Theworst mode of nodal imperfection can be obtained by solving an anti-optimization problem to minimize
the critical load for specified norm of imperfection. An explicit form can be obtained if the imperfection is
limited within alinear combination of the buckling modes.

3. The simultaneous member buckling at alimit point can be modeled as a hilltop branching point with many
individually symmetric bifurcation points. The accuracies of the imperfection sensitivity laws and the worst
imperfection have been confirmed by the example of an arch-type truss.

4. It has been shown in the example of an arch-type truss that the imperfection sensitivity of the worst im-
perfection is about twice of that for the worst imperfection in the direction of alinear combination of the
buckling modes. Therefore, it is not appropriate to use only buckling modes for investigating the worst-case
scenario.
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