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Abstract

A simple and computationally inexpensive approach is presented for obtaining the most sensitive
imperfection mode corresponding to the maximum load factor of the stable bifurcation point�
The critical point of an imperfect system is found by solving an anti�optimization problem�
where the load factor is minimized with respect to the imperfection parameters and the nodal
displacements under constraint on the lowest eigenvalue of the stability matrix� It is shown in
the examples that a minor imperfection that is usually dismissed is very important in evaluating
the maximum load of a �exible structure�

Keywords� Buckling analysis� Imperfection sensitivity� Minor imperfection� Anti�optimization�

Convex model� Simultaneous analysis and optimization

Introduction

The lower bound of the maximum load factor of a geometrically nonlinear struc�
ture that exhibits bifurcation�type instability may be evaluated based on the most
critical mode of imperfection that maximizes the reduction of the load carrying ca�
pacity under constraint on the norm of the imperfection� There have been several
studies for �nding the most critical mode of imperfection for simple and coinci�
dent unstable symmetric bifurcation points �Ho� ����� Ikeda and Murota� ���	

based on a perturbation approach� Ohsaki et al� �����
 presented an optimiza�
tion method considering the reduction of the maximum load factor due to the
most critical mode of major imperfection� e�g� antisymmetric imperfection of a
symmetric system�

Contrary to imperfection�sensitive structures such as cylindrical shells and sti�
ened plates� the bifurcation point of a column that has a stable postbuckling path
disappears due to a small major imperfection� In this paper� a simple and nu�
merically inexpensive approach is presented for determining the maximum load
factors of imperfect elastic structures considering imperfections of nodal locations
and nodal loads� An anti�optimization problem is formulated so as to minimize
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the bifurcation load factor within the convex bounds on the imperfection parame�
ters� A relaxed problem of simultaneous analysis and design is solved to determine
the bifurcation load by minimizing the load factor under constraint on the lowest
eigenvalue of the stability matrix allowing imperfections of nodal loads� This way�
laborious nonlinear path�following analysis is avoided� It is shown in the exam�
ples of a �	�bar truss that the most critical mode of minor imperfection can be
successfully obtained by the proposed approach�

Maximum load factor of an imperfect system

Consider a �nite dimensional elastic structure subjected to quasi�static propor�
tional loads P � �p� where � is the load factor� The vector of nodal dis�
placements is denoted by U � fUig� The total potential energy is de�ned as
��U��� �
 � H�U� �
��pT ��
U� where H�U� �
 is the strain energy and � is the
imperfection parameter� The stability matrix S� which is the tangent stiness ma�
trix is de�ned as the Hessian ofH with respect toU� Let �r and �r � f�rig denote
the rth eigenvalue and eigenvector of S� The critical load factor �c corresponds
to �� � 	� where �� is the lowest eigenvalue� De�ne � as

� �
nX

i��

���

���Ui

��i ��


where ��i is the ith component of ��� and n is the number of degrees of freedom�
The major and minor imperfections are characterized by � �� 	 and � � 	� respec�
tively �Roorda� ����
� For a symmetric system� a symmetric and antisymmetric
imperfections correspond to minor and major imperfections� respectively �Ohsaki�
�			� Ohsaki� �		�
�

Since antisymmetric components of deformation along the bifurcation path
of the stable bifurcation point may be very large� the maximum load should be
de�ned in view of the stresses and�or displacements� The most critical imperfection
is de�ned by reduction of the bifurcation load factor due to minor imperfections
based on the following reasons�

�� Even for a stable bifurcation� reaching the bifurcation point should be avoided
because it leads to a sudden dynamic deformation� Since the bifurcation
point disappears if a major imperfection exists� the most critical imperfec�
tion for this case is a minor imperfection�

�� Since we consider a �exible structure and allow moderately large deforma�
tion� the maximum load de�ned by deformation constraints is dramatically
reduced by minor imperfections rather than major imperfections� and sensi�
tivity of the maximum load is almost equivalent to that of the bifurcation
point�

Anti�optimization problem

Let �i �i � �� �� � � � � m
 denote the vector of ith set of imperfection parameters� The
norm of �i is denoted by ei��i
 which is a convex function of �i� An upper bound
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Figure �� A column�type �	�bar
plane truss�

�ei is given for ei��i
 by an approach similar to that of the convex model �Ben�Haim
and Elishako� ���	
� The set of vectors �i is divided into major imperfections
�Ii and minor imperfections �IIi � The values corresponding to major and minor
imperfections are indicated by superscripts � 
I and � 
II� respectively� e�g� the
upper bound for eIIi ��

II

i 
 is denoted by �eIIi � Let �
II denote the vector that consists

of all the elements of the vectors �IIi �i � �� �� � � � � mII
�
If we �x �II and only consider major imperfections� the region in the ��� U
�

space where �� � 	 is satis�ed is as indicated by feasible region in Fig� �� where U
is a representative generalized displacement generated due to existence of a major
imperfection� The thick curve in Fig� � is the bifurcation path of the perfect system�
and thin curves are equilibrium paths of imperfect systems� The dotted curves
indicate unstable equilibrium points� Note that the region bounded by the dashed
curve ABC is feasible for the constraint �� � 	� Since we consider the case where
the perfect system exhibits stable bifurcation� the feasible region in the vicinity of
the bifurcation point is convex with respect to U and �� Hence� the buckling load
factor is found by minimizing � with respect to �Ii under constraint of �� � 	� We
further minimize � with respect to �IIi to obtain the most sensitive imperfection�
Since both processes correspond to minimization of �� these processes can be
carried out simultaneously�

Since U is considered as variables that are the same level as �II� the exact
equilibrium state corresponding to the perfect nodal loads is not needed� Let �

denote the vector consisting of �i including minor and major imperfections� The
internal nodal forces F��U� �
 � fF �

j �U� �
g equivalent to the displacements U of
an imperfect system are de�ned by

F �

j �U� �
 �
�H�U� �


�Uj

� �j � �� �� � � � � n
 ��


where � 
� indicates a function of U and �� F �

j is then calculated for each trial
displacement vector during the optimization process�

The maximum load factor is obtained by solving the following anti�optimization
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Figure �� Relation between � and � for perfect and imperfect systems in the
direction of �A�

problem �Elishako et al�� ����
 for �nding the minimum value of � under con�
straints on the norms of imperfections and the lowest eigenvalue of the stability
matrix�

AOP� minimize �

subject to ei��i
 � �ei� �i � �� �� � � � � m
 ��


��pj ��p
 � F �

j �U� �
 � ��pj ��p
� �j � �� �� � � � � n
 ��


��
�
�U� �
 � 	 ��


The variables of AOP are U� � and �� Only computation of F �

i �U� �
 and ����U� �

is needed for the current value of U and � at each iterative step of optimization�
and the laborious path�following analysis is not needed�

Examples

Consider a column�type �	�bar plane truss as shown in Fig� �� The lengths of
members in x� and y�directions are �		 cm and �		 cm� respectively� The cross�
sectional areas are ��	 cm� for all the members� and p � �� kN� The elastic modulus
is �	��� GPa� The sequential quadratic programming is used for optimization� and
the gradients are computed by the �nite dierence approach� Computation has
been carried out on a personal computer with AMD Athron ��	 GHz� The vector
� of the imperfection parameters consists of the coordinates of all the nodes except

two supports� The norm �e��
 of the imperfection is de�ned as �e��
 � �

n

p
�T�� and

�p is �� of p� Let �A and �S denote the lowest antisymmetric and symmetric
linear buckling modes� respectively� of the perfect system�

The critical load factor of the perfect system is ������� where the buckling
mode is antisymmetric with respect to the y�axis and the critical point is a sym�
metric bifurcation point� Imperfection sensitivity properties are �rst investigated
for imperfections in the directions of �A and �S which correspond to major and
minor imperfections� respectively� Note that the imperfection mode �p of the

Ohsaki



0

1

2

3

4

5

-50 0 50 100 150 200 250

L
oa

d 
Fa

ct
or

 Λ

Horizontal displacement of node 8 (cm)

perfect
e
~
(ξ)=1.0

e
~
(ξ)=5.0
critical

Figure �� Relation between � and � for perfect
and imperfect systems in the direction of �S �

Figure �� Most critical
mode of imperfection�

Table �� Number of iteration steps� CPU time and the objective value�
Number of steps CPU time �sec�
 �

Symmetric initial solution �� ���� ������
Symmetric imperfection �� ��� ������
Asymmetric initial solution �� ���� ������
Linear strain �� ���� ������
Incremental analysis �� ���� ����	�

nodal loads is also considered in the same directions as the nodal imperfections�
where �p is scaled so that its maximum absolute value is equal to �� of p� Fig� �
shows the relation between the horizontal displacement � of node � and the load
factor for three cases of perfect and imperfect systems in the direction of �A with
�e��
 � ��	 and ��	 cm� Fig� � shows the relation between � and � for minor
imperfection corresponding to �S�

Suppose the maximum load factor �M is de�ned by the displacement constraint
� � ��� It may be observed from Figs� � and � that the reduction of �M due to a
major imperfection is larger than that to a minor imperfection if �� is small� but a
minor imperfection dominates if �� is su�ciently large� For instance� if �e��
 � ��	
cm� reduction in the direction of �S is larger than that of �A in the range � � ���
cm� The important property observed in Fig� � is that the magnitude of reduction
of �M does not strongly depend on the value of ��� Therefore� the most critical mode
of minor imperfection may be successfully obtained by solving AOP considering
only the bifurcation load factor�

The most critical mode of nodal imperfection �M obtained from a symmetric
initial solution is symmetric as shown in Fig� �� The number of optimization
steps� CPU time and the optimal objective value are as listed in the �rst row of
Table �� The relation between � and � for the most critical case is also plotted
in Fig� �� If we consider only symmetric components of � and U� the maximum
load factor of the symmetric system is ������ which agrees within the accuracy
of �ve digits with the value obtained by the formulation including asymmetric
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imperfections and deformations� The mean absolute value of deviation of �M from
those of the symmetric system is ������� �	�� which is very small compared to
the maximum absolute value ������	 of �M� The computational cost is reduced as
shown in the second row of Table � if we consider only symmetric imperfections
and deformations�

If we do not exclude major imperfections� the deviation from the symmetric
solution increases to �����	 � �	�� which is still very small� The computational
cost is smaller� as shown in the third column of Table �� than that from the
symmetric initial solution� The maximum load factor obtained by linearizing the
equilibrium equation ��
 with respect to U is ������� The convergence property�
however� does not improve as the result of neglecting the geometrical nonlinearity
as observed from the fourth row of Table �� If the critical point is found by tracing
the fundamental equilibrium path� the computational results are as listed in the
last row of Table � which should be compared to the second row because only
symmetric imperfections are considered here� Note that the computational cost
for this case is very large compared to that for AOP�

Conclusions

A simple and computationally inexpensive approach has been presented for ob�
taining the most sensitive imperfection mode corresponding to the maximum load
factor of the stable bifurcation point� It has been shown that a minor imperfection
can be more critical than a major imperfection if a moderately large deformation
is allowed� The most critical minor imperfection has been successfully obtained by
solving the proposed anti�optimization problem� The anti�optimal solutions have
been found under several problem settings� and it has been con�rmed that the
proposed method has advantages over the method with path�following analysis in
view of computational cost and convergence property�

References

Ben�Haim� Y� and Elishako�� I� ����	
� Convex Models of Uncertainty in Applied Mechanics�
Elsevier�

Elishako�� I�� Haftka� R� T�� and Feng� J� �����
� Structural design under bounded uncertainty�
optimization with anti�optimization� Comp� � Struct� ���
� ��	����	�

Ho� D� �����
� Buckling load of nonlinear systems with multiple eigenvalues� Int� J� Solids

Struct�� �	� �������	�

Ikeda� K� and Murota� K� ����	
� Critical initial imperfection of structures� Int� J� Solids Struct��
��� �������

Ohsaki� M� ��			
� Optimization of geometrically nonlinear symmetric systems with coincident
critical points� Int� J� Num� Meth� Engng�� ��� ��������

Ohsaki� M� ��		�
� Sensitivity analysis of coincident critical loads with respect to minor imper�
fection� Int� J� Solids Struct�� ��� ��������

Ohsaki� M�� Uetani� K�� and Takeuchi� M� �����
� Optimization of imperfection�sensitive sym�
metric systems for speci�ed maximum load factor� Comp� Meth� Appl� Mech� Engng�� ����
��������

Roorda� J� �����
� On the buckling of symmetric structural systems with �rst and second order
imperfections� Int� J� Solids Struct�� �� ����������

Ohsaki


